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Abstract 

We study the space of biinvariants and zonal spherical functions 
associated to quantum symmetric pairs in the maximally split case. 
Under the obvious restriction map, the space of biinvariants is proved 
isomorphic to the Weyl group invariants of the character group ring 
associated to the restricted roots. As a consequence, there is either a 
unique set, or an (almost) unique two-parameter set of Weyl group in- 
variant quantum zonal spherical functions associated to an irreducible 
symmetric pair. Included is a complete and explicit list of the gen- 
erators and relations for the left coideal subalgebras of the quantized 
enveloping algebra used to form quantum symmetric pairs. 

INTRODUCTION 

The representation theory of semisimple Lie algebras and Lie groups has 
been closely intertwined with the theory of symmetric spaces since E. Car- 
tan's pioneering work in the 1920's. A beautiful classical result shows that 
the zonal spherical functions of these spaces can be identified with a family 
of orthogonal polynomials. With the introduction of quantum groups in the 
1980's, it was natural to look for and study quantum versions of symmetric 
spaces. This search became especially compelling as q orthogonal polyno- 
mials, which are obvious candidates for quantum zonal spherical functions, 
appeared in the literature (see for example [Ma] and [K2]). However, the 
theory of quantum symmetric spaces was initially slow to develop because it 
was not obvious how to form them. 
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Let be a complex semisimple Lie algebra and let 9 be an involution of 
Q. A classical (infinitesimal) symmetric pair consists of the Lie algebra g and 
the fixed Lie subalgebra g^. In his fundamental paper [Kl], Koornwinder was 
the first to use an infinitesimal approach to construct quantum symmetric 
spaces. In particular, he found quantum analogs of a symmetric pair of Lie 
algebras for g = si 2 using twisted primitive elements. As this method was 
generalized to other examples, it became clear that coideal analogs of U {g^) 
inside the quantized enveloping algebra Uq{g) had the potential to produce a 
"good" theory of quantum symmetric spaces (see for example [N],[NS], and 
[DN].) In his 1996 survey paper [Di], Dijkhuizen describes the philosophy of 
this approach in three major steps which we briefiy rephrase here. 

(1) Find coideals inside the quantized enveloping algebra which can be used 
to form quantum symmetric pairs. Show that the finite-dimensional 
spherical modules can be parametrized using the dominant integral 
restricted roots. 

(2) Determine the image of the space of biinvariant functions associated to 
a quantum symmetric pair inside the character ring of the root system 
of g. 

(3) Realize zonal spherical functions as g-orthogonal polynomials by com- 
puting the radial components of appropriate central elements of the 
quantized enveloping algebra. 

This paper is one of a series by the author intended to answer these 
questions when the triangular decomposition of g has been chosen so that the 
Cartan subalgebra is maximally split with respect to 9. Quantum analogs of 
the enveloping algebra U {g^) are constructed in [L2] and [L4] by describing 
their generators. These subalgebras of Uq{g) are further characterized as 
the unique maximal left coideal subalgebras which specialize to U{g^) as q 
goes to 1. The finite-dimensional spherical modules associated to quantum 
symmetric pairs are classified in [L3], thus completing problem (1). 

The main result of this paper is a comprehensive answer to problem (2). 
Let Bo denote the set of coideal subalgebras associated to g,g^. For each 
pair of subalgebras B and B' in Be, the space of biinvariants b'T^b consists 
of the left B' and right B invariants inside the quantized function algebra 
Rq[G] corresponding to Uq{g). The vector space B'Ti-B is an algebra and can 
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be written as a direct sum of eigenspaces with respect to the action of the 
center of Uq{Q). The eigenvectors with respect to this action are called zonal 
spherical functions. 

Elements of the quantized function algebra can be thought of as functions 
on Uq{Q). Recall that Uq{g) contains a multiplicative subgroup T correspond- 
ing to the root lattice of the root system of q. Let S denote the restricted 
root system associated to g, 9 and let C[2S] be the character group ring of 
the weight lattice corresponding to 2E. We prove that restriction to T of the 
space of biinvariants (considered as functions on Uq{g)) induces an injection 
T from b'^Hb into C[2S]. 

Let W denote the restricted Weyl group associated to S. Let H denote 
the group of Hopf algebra automorphisms of Uq{Q) which fix elements of 
T. Note that H acts on Be by sending an algebra to its image under the 
automorphism. Given B E Bg and any H orbit O of Bg we find B' E O such 
that T^b'T^b) is W invariant. We then show, in this case, that ^{s'Ti-B) is 
equal to C[2S]^. 

The action of H on Bg can be extended componentwise to an action of 
the group H x H on B^/ x Bg. We show that the images under T of two 
different spaces of biinvariants associated to pairs in the same H x H orbit 
are related by an automorphism of C[2S]. Thus the image of any space of 
biinvariants under T is just a translation of C[2S]^ via an automorphism of 
C[2S]. Furthermore, this automorphism restricts to an eigenvalue preserving 
function on the corresponding sets of zonal spherical functions. 

A zonal spherical family associated to a H x H orbit is the image under T 
of a specially chosen basis of zonal spherical functions in b'T^b for some pair 
(5, B') in this orbit. We show that there is a vitually unique W invariant 
zonal spherical family associated to each H x H orbit of Bg x Bg. The 
obstruction to uniqueness, a small finite subgroup of AutC[2S]^, is just the 
trivial group for most choices of fl and 6. 

The pair g,g^, or more precisely, q,6, is called irreducible if g cannot be 
written as the direct sum of two semisimple Lie subalgebras which both admit 
6 as an involution. In [A] (see also [He, Chapter X, Section F]), Araki gave a 
complete list of all the irreducible pairs g, 9. In the final section of the paper, 
using this list and the construction ([L4, Section 7]) of the algebras in Bg, we 
explicitly describe the generators and relations for every coideal subalgebra 
in Bg associated to each irreducible pair g, 9. It follows from this classification 
that if g, 9 is irreducible, either Bg x Bg consists of a single H x H orbit or a 
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two-parameter set of orbits. In the first case, there is a unique W invariant 
zonal spherical family associated to Bg. For the latter case, there is either a 
unique two-parameter set of W invariant zonal spherical families associated 
to Be or exactly two two-parameter sets. 

In a future paper, we will address problem (3) and realize these W in- 
variant zonal spherical families as sets of q hypergeometric polynomials. Ap- 
parently, when E is reduced and Bo is a single H x H orbit, the zonal spher- 
ical functions are Macdonald polynomials. Here, one of the parameters is 
a power of the other. This would generalize the results in [N] as well as 
those announced in [NS] concerning quantum symmetric pairs which can be 
constructed using solutions to reflection equations. Other q hypergeometric 
functions such as Askey- Wilson polynomials with two indeterminates arise 
in the remaining cases. This should remind the reader of the zonal spherical 
functions computed on the quantum 2-sphere in [Kl] and on the family of 
quantum projective spaces studied in [DN]. 

The remainder of the paper is organized as follows. Section 1 sets nota- 
tion and reviews basic facts about involutions, restricted root systems, and 
quantized enveloping algebras. In Section 2, we review the construction of 
the quantum analogs of U{g^) inside Uq{g). Section 3 is a study of spherical 
modules and their spherical vectors. Fine information about the possible 
weights of weight vectors which show up as summands of spherical vectors 
is obtained. The next three sections of the paper are devoted to the space 
of biinvariants and their zonal spherical functions. In Section 4, the map 
T restricted to a space of biinvariants is shown to be injective with image 
contained in C[2S]. Section 5 establishes a criterion for choosing B and B' 
so that b'^Hb is W invariant. Section 6 is a study of zonal spherical families. 
We show how to relate them using elements of the group H x H and deter- 
mine necessary and sufficient conditions for a zonal spherical family to be W 
invariant. In Section 7, we give a complete and explicit list of generators and 
relations for the algebras in Be associated to each irreducible pair g, 6. 

1 Background and Notation 

Let C denote the complex numbers, R denote the real numbers, Q denote 
the rational numbers, Z denote the integers, and N denote the nonnegative 
integers. Let g = n~ © t) © n"*" be a semisimple Lie algebra of rank n over 
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C with Cartan matrix (o-iy). Write A for the set of roots of g and let tt = 
{ai, . . . , an} be a fixed set of positive simple roots. Set Q{7i) = J2i<i<n 
and Q'^in) — J2i<i<n^<^i- Let -P''"(7r) denote the set of dominant integral 
weights associated to the root system A and P{7i) denote the weight lattice. 
Write ( , ) for the Cartan inner product. Let < denote the standard partial 
order on Q(7r). In particTilar, given two elements A and (3 in Q{7r), we say 
that A < /3 if and only if X - f3 e Q^{7r). 

Let ^ be a maximally split Lie algebra involution of g with respect to the 
fixed Cartan subalgebra f) and triangular decomposition of g in the sense of 
[L4, Section 7]. Write for the corresponding fixed Lie subalgebra. The 
involution 6 induces an involution of the root system of g and thus an 
automorphism of i)*. Let tiq be the set of simple roots {ai\Q{ai) = ctj} 
and write Ae for the corresponding root system generated by ttq. Let p be 
the permutation on {1, . . . ,n} corresponding to a diagram automorphism of 
71 such that ©(ftj) + Q;p(j) G J^ai^ne each G tt — ttq. (For more 

information about involutions, see for example [D, 1.13] and [L4, Section 7]). 

Given P G ()*, set (3 = 1/2{P - Q{P)). Let S denote the restricted 
root system associated to q,9 ([Kn, Chapter VI, Section 4], [He, Chapter 
X, Section F], or [L4, Section 7]). Note that E can be identified with the 
set {a\a G A — Ae} using the Cartan inner product as the inner product 
for E. Moreover, {ajlttj G vr — vre} is a set of positive simple roots for 
the root system E. Set Q{T,) equal to the root lattice X^j Za^ of E and 
set -P(E) equal to the weight lattice associated to the root system E. Let 
P"'"(E) denote the subset of -P(E) consisting of dominant integral weights. 
Set P(2E) = {2A|A G P(E)}. 

Let q be an indeterminate and set = for each 1 < i < n. 

Write U = Uq{g) for the quantized enveloping algebra generated by Xi, yi, 
tf^: i < i < over the algebraic closure C of C{q) (See [L4, Section 1, (1.4)- 
(1.10)] or [Jo, 3.2.9] for relations.) Let U~ be the subalgebra of U generated 
by l/j, 1 < < "R. and let be the subalgebra of U generated by Xj, 1 <i <n. 
Given an integral domain D containing C, we set Uo = U Cg>c D. 

The algebra ^7 is a Hopf algebra with comultiplication map A, antipode 
(7, and counit e. Let U+ denote the augmentation ideal of U, which is the 
kernel of the counit map e. Given a subalgebra A of U, we write for the 
intersection of A with 
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We use Sweedler notation for the coproduct. In particular, we write 

^(«) ^^<^{l) ® 0(2) 

for each a & U. Recall that a subalgebra 5* of t/ is called a left coideal 
subalgebra ii A{a) e U (S> S for all a e S. 

Let adr denote the right adjoint action defined by 

(1.1) (adr a)b = o'{a(i))ba(2) 
for all a e U and b E U. For example, 

(1.2) (adr Xj)b = —tJ^Xjb + tj^bxj and (ad^ yj)b = byj — yjtjbtj^ 

ioT b E U and 1 < j < n. 

Let T be the group generated by the ti, 1 < i < n and let r be the 
isomorphism from Q{7i) to T which sends ctj to tj. Write U° for the group 
algebra generated by T. Define the subgroup Tq of T by 

Tq = {t(A)|A e g(7r) and e(A) = A}. 

Let M be a [/ module. We say that a nonzero vector v E U has weight 
A e [)* provided that t(A) • v — q^'^'^^^v for all t(A) e T. For any vector 
subspace V C M, write for the subspacc of V spanned by the 7 weight 
vectors. If K is a vector subspace of U, then is the subspace of V consisting 
of 7 weight vectors with respect to the adjoint action. Now suppose that F 
is both a subalgebra and ad T submodule of U. Then for any subgroup S of 
T, we write FS for the subalgebra of U generated by F and S. Note that FS 
is spanned as a vector space over C by elements as with a E F and s E S. 

2 Quantum Symmetric Pairs 

Quantum analogs of the pair U{q), U{q^) associated to a maximally split in- 
volution are constructed and characterized up to Hopf algebra automorphism 
in [L2] and [L4, Section 7]. These analogs consist of U and a maximal left 
coideal subalgebra B oi U which speciafizes to U{3^) as q goes to 1 (The 
reader is referred to [L4, Section 1, following (1.10)] for the precise definition 
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of specialization used here, [L4, (7.25)] for the notion of maximal, and [L4, 
Theorem 7.5].) We review the construction of these subalgebras here. 

Prom now on, © will denote an involution of the root system A induced 
by a maximally split involution of g. Let A4 be the subalgebra of U generated 
by Xi, yi, tf^ for G tto- Set equal to the subalgebra of M. generated 
by the Xi, ai G vre. 

Let [0] be the set of all maximally split involutions of q which induce the 
involution © on A. Note that two involutions in [©] are conjugate to each 
other via a Lie algebra automorphism of g which fixes the Cartan subalgebra. 
Let 9 be the particular choice of maximally split involution in [0] as described 
in [L4, Section 7, the discussion following (7.5) ] and 9 be the automorphism 
of U defined in [L4, Theorem 7.1] which specializes to 9. We describe the 
action of 9 on xji for o;, ^ tto- (Note that replacing each Xj by Cj, each tj with 
1, and setting q = 1 will recover the action of 9 on fi. Since 9 is the identity 
on the positive and negative root vectors corresponding to roots in ttq and 
the action of on 1) corresponds to the action of on ()*, this information is 
enough to determine 9.) 

Let TT* be the subset of tt — tto consisting of all ctj ^ ttq such that either 
i — p{i) or i < p{i). Write x\"^^ and yl"*^ where m G N for the divided 
powers of Xi and yi repectively (see [Jo, 4.3.14 and 1.2.12]). Given i such 
that ai G tt*, there exists a sequence a^^, . . . , consisting of elements in ttq 
and positive integers mi, . . . , subject to 

(2.1) 9{y,) = (ad, xj™^)) • • • (ad, xt:'^%^x,^ 
and 

(2.2) 9(y,^i)) = (-l)(-^+-+-^)(ad, "-)) • • • (ad, xt;'^^)t-'x,. 

Using (1.1), it is straightforward to check that (ad, yj)t~^Xi — whenever 
i j. Thus t~^Xi is a lowest weight vector with respect to the action of 

ad,. Ai for all «j ^ vre. It follows as in the classical case ([L4, discussion 
following (7.6)]) that these sequences satisfy the following property. For each 

r > s > 0, 

(2.3) Xs = (ad, xt^) (ad, x^;-^)) • • • (ad, 4r))^p"«^P« 

is a highest weight vector for the action of ad, Xi^ and X^+i is a lowest weight 
vector for the action of ad, t/j^. Moreover, 9{yi) is a highest weight vector for 
the action of ad, /A. 
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Set S equal to the subset of tt* consisting of such that ©(ftj) = — ttj and 
2{ai, aj)/{aj, aj) is even for all aj such that ©(ftj) = — ctj- Let V denote the 
subset of TT* consisting of those o;, such that i ^ p{i) and (ctj, ©(aj)) 7^ 0. Let 
Z be an integral domain containing the complex numbers C and contained 
in some field extension C(-2) of C. Write for the nonzero elements of Z. 
Define 

S{Z) = {se Z"\si = for ai ^ S} 

and 

D(Z) = {de {Z'^Y'ld, = 1 for Oi i S}. 

Given s G S(Z) and d G S(Z), the subalgebra -B6i,s,d of Uc(Z) is generated 
by Te, A^, and the elements B^^.^^. for ctj G tt — ttg where 

(2.4) = ViU + di9{yi)ti + SiU. 

We abbreviate Bf ^.^^. by i?i when Sj, dj, and 6* can be understood from the 
context. Note that if i = then the definitions of Bi and using (2.4) 
agree. 

The next theorem follows as in the proof of [L4, Theorem 7.2]. (See also 
[L4, Variations 1 and 2].) 

Theorem 2.1 Let Z he an extension field C. For each s G S{Z) and d G 
Yi{Z), the algebra Bq s,^ is a left coideal subalgebra ofUz- 



Recall that a pair g, 6 is called ireducible if g cannot be written as the 
direct sum of two semisimple Lie subalgebras which both admit 6 as an 
involution. In Section 7, we give a complete list of coideal subalgebras -Bg.s.d 
associated to irreducible pairs g, 9. Prom this list, it can be seen that if £i, 6 is 
irreducible, then either both <S and T> are the empty set, or one is the empty 
set and the other consists of exactly one root. 

Set Be equal to the union of the orbits of all Bg s,d under the action of H 
where s G S(C) and d G D(C). More generally, given an integral domain Z 
containing C, let Be{Z) be the set of algebras B which are isomorphic via a 
Hopf algebra automorphism fixing M.Tq of Uz to Bg s,d: for some s G S{Z) 
and d G D{Z). Note that if both S and V are empty, then Bg consists of 
exactly one orbit under this action. It follows from the description of the 
group of Hopf algebra automorphisms of U in [Jo, Section 10.4] that the set 
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{B0,s,d\ s G S(C) and d G D(C)} is a complete set of distinct representatives 
for the orbits of Be under H. 

Let U denote the C[g]g_i subalgebra of U generated by Xi,yi,tf^, and 
{ti — 1) / {q — 1) lor 1 < i < n. Let Bq^i be the set of maximal left coideal 
subalgebras of U such that B D U specializes to U{g.^) as q goes to 1. In 
particular, Bg^i is the set of quantum analogs of U{q^) in the sense of [L2] 
and [L4]. By [L4, Theorem 7.5], every algebra in Bg^i is isomorphic to an 
appropriate Bg s,d for some s G S(C[g](g_j^-j) and d G D{C[q](^^_-^^^) via some 
Hopf algebra automorphism in H. 

It should be noted that for certain 9, some of the algebras in Bg have 
appeared in the literature in papers not written by the author. The most 
prominent of these algebras is the nonstandard quantum analog Uq{so n) of 
U (so n) introduced by Gavrihk and Klimyk in [GK]. This algebra is equal to 
Bg,a,d when 9 is of type AI as described in Section 7. The representation 
theory of U'^{so n) has been extensively investigated in a series of papers 
by Gavrilik, Klimyk, and others (see for example [GI], [GIK], and [HKP]). 
In [NS], Noumi and Sugitani construct subalgebras f/*'"(fl^) of U which are 
quantum analogs of U (g^) for many of the pairs q, 9, when g is of classical type. 
Their approach is completely different and involves solutions to reflection 
equations. Nevertheless, it is shown in [L2, Section 6], that for a given pair 
g,9, each subalgebra U^{q^) constructed in [NS] belongs to Bg. 

3 Spherical modules 

Let L{\) denote the finite-dimensional simple U module with highest weight 
A where A G P^{ti). Given a left coideal subalgebra B in Bg of f/, we say 
that L(A) is spherical with respect to B if L{\)^ = {f G L{\)\hv = e{h)v} is 
a one-dimensional space. Necessary and sufficient conditions for L(A) to be 
spherical with respect to elements B in Bg^i are established in [L3, Section 
4]. This result is extended in this paper to all algebras in Bg. 

Let {C,i\oti G 5} U {rjj\Q.j G V} be a set of \S\ + [D\ indeterminates. 
Note that —1 cannot be written as a sum of squares in the field 'K{q){C,,rj) 
generated by these indeterminates over R(q'). It follows that R(g)(C,77) is 
a formally real field. Thus we can choose a set of positive elements for the 
field R(g)(C,''7) containing t^^, for each Uj G T). Let /C denote the algebraic 
closure of R(g)(C,''7). Set TZ equal to the real algebraic closure of R(g)(C,^) 
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inside of /C and let TZ^ denote the set of positive elements of TZ. (For more 
information on formally real fields and real algebraic closures, the reader is 
referred to [J, Chapter 11].) 

Note that /C = 7?. + iR, and thus complex conjugation extends to /C. Let 
K be the conjugate linear antiautomorphism of U]c defined by ^{xi) = yiti, 
K{yi) = t^^Xi and K,{t) = t for all t E T. In particular, k restricts to an 
antiautomorphism of Utz and acts as conjugation on elements of C. Note that 

is just the identity. Let Ht^ denote the subgroup of H whose elements 
restrict to Hopf algebra automorphisms of U-jz- 

Let s(^) = (s(Ci)) • • • ) ^(Cn)) be the element of S(/C) such that s^Q) = Q 
for all ai G S. Similarly, let d^rj) = {d{rii) , . . . , d{r]n)) be the element of 
D(/C) such that d{rij) = rjj for all aj G V. Since d{rjj) = 1 for aj ^ V, it 
follows that d{r]j) G TV' for all 1 < j < n. By the definition of real algebraic 
closures, every positive element in TZ has a square root in TZ. Let d{r]iY/'^ 
denote the positive square root of d{rii) for each i. We have the following 
generalizations of [L3, Lemma 3.2] and [L4, Theorem 7.6]. 

Theorem 3.1 There exists a Hopf algebra automorphism (p G Ht^ such that 
ifKif-'^{Be,s{c),d(ri)) = Be,s{c),diri)- Moreover Be^siOAiri) semisimply on all 
finite- dimensional U/c-modules. 

Proof: The first assertion implies the second statement by [L4, Section 2]. 
The proof presented here for the first assertion does not follow the original 
argument given in [L3] which uses specialization ai q — 1. Instead, it is based 
closely on the discussion leading up to [L4, Theorem 7.6]. 

Set B = Bo^s{c),d{r,) and Bi = B^^^^.^^^^^.^ for each ctj ^ ttq. Note that 

iipKip-')(MTe) ^ MTq 

and {ipK.ip~^y = is the identity on Utc for all tp G Ht^. Hence it is sufficient 
to find </? G Ht^ such that ipK,ip~^{B) contains Bi for each ^ vre- 
A straightforward computation using (1.2) shows that 

g(^'"*)cT(A)|/, - y,t,cr(A)t-^ = [(ad, |/.)c]r(A) 

for all c G [/, 1 < i < n, and r(A) G T. Thus [(ad, yi)bT{X)-^]T{X)t G B for 
any t(A) E T, t E Tq, ai G ne, and b E B. As in [L4, following the proof of 
Theorem 7.5], we have 

(ad,|/ir^^) • • • (ad.yirV~(l/p«) = (-l)^"^^-^-^"^^^^^'^^ 
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and /t((adf. Xj)b) = — ((ad^ yj)hi{h) for all 6 G and 1 < j < n. Thus (2.1) 
implies that 

<0{yi)) = (-l)(™^+-+"^^nad. i/lr^) • • • (ad. yt^)y,^i)- 
Moreover, it follows that 

K{e{yi))ti + d{rip(i))tr^Xiti + s{Ci)ti 

- (-i)(-+-+-)[(ad. i/ir^) ■ ■ ■ (ad. 2/ir^)i?p»t;(ytp«(t;(V.) 

is an element of B. 

Let (fi be the Hopf algebra automorphism in Ht^ defined by 

(p{xj) = g("^'-"^+®("^))/^ci(7?j)^/2^j. foj, ^. ^ 

Temporarily write Hi — (pucp'^. By (2.1) and (2.2), we see that ©(ctj) — ai — 
©(ap(i)) - Q^pCi)- Hence 

(oj, 6(Q;i) - cti) = (ttj, 6(ap(i)) - ap(i)) = (a^, 6(Q;p(j))) - (a^, ap(j)) 
= (©(ttj) - ttj, Q;p(i)) = (ap(i), ©(ap(i)) - ttp(i))- 

Thus, a straightforward computation using the fact that s{Q) = for aj ^ 5 
shows that 

= d{rip(i))d{r]i)~^{yiti + d{rip(i))9{yi)ti + s(Ci)^i) = d{r]p(i))d{r]i)~^Bi 

is an element of ki(-B) for all ctj e TTe- Therefore B — k,i{B). □ 

Recall that P+(S) is the STibsct of ()* consisting of dominant integral 
weights associated to the root system E. Let Pq be the set of all A e P~^{t:) 
such that 

(i) (A, /?) = for all /? e f)^. 

(ii) (A,/9)/(/9,/9) is an integer for every restricted root /9 e E. 

By [He2, Chapter II, Theorem 4.8], Pq is just the intersection of P(2E) with 
P+(E). 

Given A G P~^{n) and an integral domain Z containing C, we set L{X)z = 
L{\)®cZ. We have the following criterion for L[X)]c to be a spherical module 
with respect to the the algebra P6),s(c),d(j7)- 
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Theorem 3.2 Let B = 50,s(c),d(j?) Then 

(3.2) dimL(A)^ < 1 

for all A G P~^{tt). Moreover equality holds in (3.2) and thus L(A)/c is spher- 
ical with respect to Bg^s{(),d{-q) if o-nd only if X ^ Pq. 

Proof: The first assertion follows as in the proof of [L4, Theorem 7.7(i)] 
and the second assertion follows as in the proof of [L3, Theorem 4.3] using 
Theorem 3.1. □ 

Fix A e Pq. Given a weight of ^(A), let be a basis of weight 

vectors for the /i weight space of L{X) where i varies over a finite set. Note 
that the A weight space of L{X) has dimension 1 and so {v\}i has only one 
element. Set vx — v\. Given a vector v — gli^li in -^(A)^:, set 

Supp(w) = 7^ for some i}. 

Write C[C,ri] for the polynomial ring C[Ci, rjjl'^i ^ ^ ctj ^ Set 

(3.3) Ck^Xk + qld{r]p(k))~^K{9{yk))tk + qls{Ck){tk - 1) 

for ak ^ vTe and set Ck = Xk for G tiq. Note that 0{yk) G ?/c[c,»?] each 
ak ^ TiQ. Hence, by (3.1) and the definition of the counit of U, each Ck is an 
element of S+ fl ^c[c,r;]- 

The next result provides finer information about the invariant vectors of 
spherical modules. 

Lemma 3.3 Suppose that is a nonzero -B6»,s(c),d(j7) invariant vector of 
L{X)k. Then 

IJ,<X,k 

up to multiplication by a nonzero scalar. 

Proof: Let ax denote the coefficient of vx in ^x written as a linear combina- 
tion of the basis vectors {v^} of L(X). Rescaling if necessary, we may assume 
that ax equals or 1. 

We can write C,x as a linear combination of weight vectors: ^x = Jl^w^. 
For each weight 7 of L{X), let y^_x+^ be weight vectors in UZx+'y such that 
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'if_-^^^v\ = v't^. It is well known that there exists a set of weight vectors {x\_^} 
in U^_^ such that x\_^vi^ = 6ijVx. It follows that J2i y'-\+^x'\_^w^ = w^. In 
particular, G J2i UxiW^ for each 7 e Supp(^a) — {A}. 

Partition Supp(^a) into two sets h and 1 2 as follows. The weight 7 is in 7i 
provided w-y is a nonzero element of a\Uc[c^^rj\V\. The second set I2 is simply 
the complement of Ji in Supp(,^A)- Note that Ji U /2 is nonempty since ^a is 
nonzero. We show that I2 is empty. This in turn implies that Ii = Supp(^A) 
and oa = 1, which proves the theorem. 

Assume I2 is nonempty and let 7 be a maximal element of l2- Fix i. The 
maximality of the choice of 7 and the definition of ensures that 

Recall that that Ck^x = 0. Thus 
However, since Ck G C^c[c,??]) it follows that 

Cjfc X] "^M ^ «A^C[C,r;]t'A- 

Thus XkW^ e axUc[,^^r]]Vx- for all 1 < A; < n. It follows that 

e Y,UXkW^ e axUc[C,ri]Vx, 
k 

a contradiction. Therefore I2 is empty. □ 

Note that Theorem 3.2 was originally proved in [L3] only for subalgebras 
in B^^i. Now consider spherical vectors corresponding to a subalgebra B oiU 
in the larger set Bq. The argument used to sketch the proof of [L4, Theorem 
7.7(i)] shows that 

dimL(A)^ < 1 

for all A e P+(7r). Moreover the proof of [L3, Theorem 4.3] can be apphed 
in this more general setting to show that if L{X) admits a spherical vector 
then A G P@. However, the proof of the existence of a spherical vector 
associated to B in Bq^i relies on the fact that the B G Bq^i act semisimply on 
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finite-dimensional U modules. Unfortunately, we have not proved a version 
of Theorem 3.1 for all subalgebras B of U in Bq. Nevertheless, we obtain 
a version of Theorem 3.2, which apphes to all the algebras in Be, using the 
preceding lemma. 

Theorem 3.4 Let Z be an integral domain containing C and let B be an 
algebra in Be{Z) . Then 

(3.4) dimL(A)| < 1. 

Moreover equality holds in (3.4) (and thus L{X)z is spherical with respect to 
B) if and only if X & Pq. 

Proof: Applying a Hopf algebra automorphism of Uz to B if necessary, we 
reduce to the case when B — Be s,d for some s = (si, . . . , e S(Z) and 
d = {di, . . . , dn) e D(2). Without loss of generality, we may assume that Z 
is the C algebra generated by the Si for cij G iS and the dj for aj G T). By 
the discussion preceding the theorem, we need only show that there exists a 
B invariant vector in L{\)z for all A G Pq. 

Fix A G Pq. By Lemma 3.3, there exist polynomials in C[C,?7] such 
that 

Ia = + e />; 

/i<A,A; 

is a -B6',s(c),d(r;) invariant vector. Let J be the ideal in generated by 

C,i — Si as ccj runs over S and rjj — dj as aj runs over V. Let denote the 
image of in Z obtained by modding out by the ideal J. Set 

ca = ^A + E ly,- 

/i<A,fe 

Note that ^\ is nonzero since the coefficient of vx is 1. Also, the image 
of BgsiO.dif]) n (f/c[CA;])+ i'^ ^2 obtained by modding out by J is just 
Furthermore, the action of Uz on L{X)z induced by taking the action of 
UciCv] on -^(-^)c[c,?7] s-^d modding out by J is the same as the standard action 
of Uz on L{X)z. Thus is a nonzero B+ invariant vector in L{X)z. □ 

Recall that -P(S) is the weight lattice associated to the root system E 
and hence contains the root lattice associated to E. Since G E it follows 
that ai G -P(E) for each ctj G tt — ttq. Sometimes, a smaller scalar multiple 
of ai is also in E. This happens when S is nonempty as explained in the 
following lemma. 
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Lemma 3.5 If ai e S then ai/2 e -P(E). 

Proof: It is sufficient to prove the lemma when q, 9 is an irreducible pair. 
Given ctj e 5, we must check that 

(3.5) 'fy^iy e z 

for all cij e E. This is clearly true when i = j. Hence it is sufficient to 
check the case when i ^ j. By the classification in Section 7, there are 
only four possibilities with S nonempty: AIII, Case 2; CI; Dili Case 1; 
EVII. The tables in [A, Section 5] and [He, Chapter X, Section F] include 
the Dynkin diagram associated to the restricted root systems in the column 
labelled "A~". In each of these four cases, the restricted root system is of 
type C and the root ctj, for ctj e 5, corresponds to the unique long root. 
Hence (3.5) follows. □ 

Define an ordering on the restricted weights {A|A e QiTr)} by /3'>rP if 
and only ii P' — P & J2i Noij. Now suppose that A and /i are two elements 
of P{n) such that A > /x. Then there exist nonegative integers such that 
X — fi = It follows that X — fi = X^j^i^j. Hence X >r jl with strict 

inequality if and only if rii is nonzero for some ai E tt — ttq. 

The next result gives additional information about the spherical vectors 
which will be used in later sections. 

Theorem 3.6 Let Z he an integral domain containing C, let B G B0{Z) 
and let X G Pq . Write ^\ for a nonzero B invariant vector of L{X)z- Then 
Supp(^a) C P(2E), a G Supp(Ca), and if (5 G Supp(6) - {A} then p <r A. 

Proof: Without loss of generality, we may assume that B = Bg s.d for some 
s G S{Z) and d G D(Z). By Theorem 3.4, rescaling if necessary, we can 
write 

where each is a weight vector of weight /i in L{X)z- In particular, A G 

Supp(6)- 

Recall that {ajlctj G tt — 7re} is a set of simple roots for S. It follows that 
that 2ai G P(2S) for all ctj G tt - ttg- By Lemma 3.5, G P(2S) for all i 
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such that ai ^ S. Set 

(3.6) TV = ^ N(2a,) + ^ Na, 

and 

A- Ar = {A-7I7 e N}. 

Now A e and is a subset of P(2E). Hence A - iV C P(2E). Fur- 
thermore, every element f3 E \ — N such that /5 ^ A satisfies /? <r A. We 
complete the proof of the theorem by showing that 

Supp(6) C A - TV. 

Consider e ttq and recall that Xi^x = 0. Note that if /? 7^ 7, then 
XiWp and XjW-y have the same weight if and only if they are both zero. Thus 
XiWp — for each /3 e Supp(^a) and ctj e TTe. 

Let Ii be the subset of Supp(^a) consisting of those weights P such that 
Since A G Supp((^;^) and A G A — N, it follows that A G /i. 
Let I2 be the complement of Ii in Supp(^a)- We argue that I2 is empty. 
Choose P E I2 such that /3 is a maximal element in I2 with respect to the 
partial ordering >r. Since P, Wjs is not a highest weight vector in L{X)z- 
Hence there exists i such that XiWp 7^ 0. By the previous paragraph, we 
must have that G tt — ttq. Note that XiW/3 is a weight vector of weight 
ai + p. Assume first that «j ^ 5. It follows from the definition of Ci (see 
(3.3)) that Ci = Xi + Yi where Fj is a weight vector in U of weight 6(0;^). 
Now Ci^x — since G P+. Hence XjW/j = —YiW^ for some 7 G Supp(^a)- 
Moreover 7 = ctj — G(Q;j) + P = 2ai + /3. It follows that 7 — = 2(5j and thus 
J >r p. Moreover, P ^ X — N implies that j ^ X — N which contradicts the 
choice of p. 

Now assume E S. Hence Q{ai) = —a^ and oti = a^. Note that P+ 
contains the element — Xi + qfi/iti + qfsi{ti — 1). Hence we can write 

XiWfj = -qfyiUWj^ — qiSi{ti - l)w^2 where 71 = /? + 2ai and 72 = /9 + di. 
Since XiWj3 is nonzero, at least one of 71,72 is contained in Supp(.^A)- But 
neither 71 nor 72 can be in the subset Ji of A — since P ^ X — N. Once 
again this contradicts the choice of P and the lemma follows. □ 
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4 Quantum Zonal Spherical Functions 



In this section, we review some basic facts about the quantized function 
algebra and define quantum zonal spherical functions associated to pairs 
B, B' of algebras in Bq. We then prove an important injectivity result relating 
the space of biinvariants to the character group ring associated to S. 

Let Rq[G] denote the quantized function algebra as defined in [Jo, Chapter 
9.1]. Recall that Rq[G] is a right and left U module. Let L{X)* denote the 
U module dual to L(A). Viewing L(A) as a left U module, L{X)* is given its 
natural right U module structure. 

According to the quantum Peter-Weyl theorem ([Jo, 9.1.1 and 1.4.13]), 
there is an isomorphism as right and left U modules: 

(4.1) Rq[G]^(BxePn-)LW®H^y- 

Given an element w^w* G L{X)(S>L[Xy , we write the corresponding element 
of Rq[G] as c^*^^. As a vector space, Rq[G] is spanned by vectors c^. „, where 
A e P"'"(7r), w e L{X), and w* e L{X)*. Note that elements of Rq[G] can be 
thought of as functions on the quantized enveloping algebra U. In particular, 

for all u E U. 

Let B and B' be two subalgebras of U in Bq. Define the subspace of b'T^b 
of left B' and right B invariants inside of Rq [G] by 

B'Ti-B ^ Rq[G]\b' ■ if = €{b')ip and ip ■ b — e{b)ip 
for ellbeB and b' e B'}. 

By [KS, Chapter 11, Proposition 68], b''Hb, which we refer to as the space 
of biinvariants associated to the pair [B, B'), is a subalgebra of Rq[G\. 
Set 

B'Hij(A) = B'T^B n (L(A) ® L(A)*) 

where we identify L{X) ® L{X)* with a subspace of Rq[G] using (4.1). By 
Theorem 3.4, b'7Yb(A) is if A ^ P@ and is a one-dimensional trivial left B' 
and right B module otherwise. Thus (4.1) implies the following direct sum 
decomposition into trivial one-dimensional left B' and right B modules: 

(4.2) b'Hb = ©AeP+ B'HBiX). 
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For each A G Pq, nonzero elements of b''Hb{^) arc called zonal spherical 
functions associated to the pair 5, B' . Fix a nonzero vector c^ qi G b'7Yb(A). 
It follows from (4.2) that {c^^,|A G P@} is a basis for B'Ti-B- 

Note that L{X)(E)L{\)* is the joint eigenspace for the action (either right or 
left) of the center of U on Rq[G] with eigenvalue given by the central character 
of L{\). Thus the zonal spherical functions arc just the eigenvectors of b'T^b 
for the action of the center of Ug{Q). Moreover, the eigenvalue of c'^ ^' with 
respect to the central element a is given by the action of a on L{X) . 

Given A G P{n), define the function on T by 

Write C[P] for the group algebra over C generated by the multiplicative group 
{z^\\ G P{tt)}. Let T be the algebra homomorphism from Rq[G] to C[P] 
obtained by restricting elements of Rq[G], considered as functions on U, to 
the subalgebra U° generated by T. 

Suppose that Z is an integral domain containing C. Set Z[P] = C[P](8>c^- 
The map T extends to a homomorphism from Rq[G] ®c 2 to Z[P] which we 
also denote by T. The definitions of B'Ti-B and c^^, also extend in the 
obvious way to pairs of algebras B,B' in Be{Z). 

Suppose that w and w* arc weight vectors in L(A),L(A)* respectively. 
Assume that the weight of w is For each t(//) in T, we have 

c^,.(r(//)) = w*{t(i,)w) = q^M^*(w) = w*(w)zf' ■ t{ix). 

In particular, T(c4*^^) is a scalar multiple of where (3 is the weight of 
w. Note that if the weight of w and w* differ, then w*{w) — and hence 

The next lemma transfers information about spherical vectors from the 
last section to the zonal spherical functions. 

Lemma 4.1 Let s G S(2) and d G D(2) where Z is an integral domain 
containing C. Suppose that B = ^(-Be.s.d) md B' = x'{Bg^s',d) where x (ind 
x' are Hopf algebra automorphisms of Uz fixing T and M.. Then for each 
AgP^, 

T(4,^,) = ^'+E//3^' 

up to a nonzero scalar where each fp G Z and P runs over weights of L{X) 
which are contained in P(2S) — {A}. 
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Proof: Let < A} be a basis consisting of weight vectors for L{\) as in 

Section 3. Let {v'l^lfJ^ < A} be a basis of weight vectors for L{X)* such that 

By Theorem 3.4, L{X)z contains a B' invarinat vector ^ and ^'(A)^ con- 
tains a B invariant vector Rescahng if necessary, we may write 

I3<r\ 

and 

I3<r\ 

where and arc elements of Z for each (3 and i. Furthermore, by 
Theorem 3.6, if either or /" is nonzero for some i, then j3 G P(2S). 
Set fj3 = 'Eiif/sfp'- It follows that up to a nonzero scalar, T{c'^^^,) equals 
z^+J2p fpz^ where /3 runs over the weights of L(A) contained in P(2E) — {A}. 
□ 

Consider A e Pq and B, B' e Bq. For the remainder of the paper, we 
assume that g, has been chosen so that when T(c^ g,) is written as a linear 
combination of the , the coefficient of is equal to 1. For each A e P@ , 
we set = T(4^B,)- 

Set C[2S] equal to the group subalgebra of C[P] corresponding to the 
group {z^'^jA e P(E)}. The next result allows us to identify the space 
spanned by the zonal spherical functions with a subalgebra of C[2E] 

Theorem 4.2 The restriction map T from b'T^b to U° defines an injection 
of B'Ti-B into C[2S]. 

Proof: Let A G and recall that C P(2E). By Lemma 4.1, there 
exists ap E C such that 

where the (3 run over a finite number of elements in P(2E). Thus each 
Vb,b' e C[2E]. It follows that T{B'nB) is a subalgebra of C[2E]. 
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Recall that the set {c^ g,\X G Pq} is a basis for b'^Hb- Consider a typical 

element X = Z^jfeiCg^' iii b'^Hb and note that T(X) = J2ibi^B,B'- Choose 
a maximal weight Ai in the set {Xi\bi ^ 0}. Then T(X) is in 

and so is nonzero. Hence T is injective. □ 



5 A Criterion for Invariance 

Let W be the Weyl group associated to the restricted root system E. Note 
that W acts on C[2S] via w = z""^ for all G P(2E) and w E W. A 
classical result shows that the zonal spherical functions correspond to the W 
invariant functions of the character ring of the restricted root system. In this 
section, we obtain a similar result in the quantum case. In particular, given 
B e Be we determine how to choose B' so that the image of b'T^b under T 
is the entire invariant ring C[2E]^. 

Let p denote the half sum of the positive roots in A, so (p, ctj) = (ctj, ai)/2 
for each 1 < i < n. Note that if Q{ai) = — Q!p(i) then 0{yi) = tp^ijXp(^i) and 

^iypii)) = ti^^i Hence 

hyp{i))tpli)Xp{i) = tr^Xi0{yi) 

in this case. We show that a similar result is true in general. 

Recall that A^"*" is the subalgebra of M. generated by the Xj, G TTe- 

Lemma 5.1 For each ai ^ ttq, 

Proof: Recall the sequences used in Section 2 (see (2.1) and (2.2)) to define 
6{yi) for Q!j ^ ttq. Using the form of (ad^ Xi) given in (1.2), we have that 

t-^XiOivi) = i,-^x,[(ad, • • • (ad, Xi:)^^\l^xp^i^] 

e (-l)("^^+-+"^^)t-^a;4(t->j(-) ■ ■ ■ (t->.j('"^)t;(ia;,(,)] + 
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A straightforward computation shows that for each positive integer k and 
each j, 



(5.2) {tJ^Xj)'' = q-Kk+mc^j,a,)/2^k^-k_ 

Note that ■ ■ ■ x^''Xp(^i) and Xg+i (defined in (2.3)) have the same weight. 
Recall that Xg is a highest weight vector for the action of ad^ and that 
Xg^i is a lowest weight vector for the action of ad^ i/i^. Set equal to 
the weight of Xg. It follows that (As,ajJ = ^{ai^, ai^) and (A^+i, ctj^) — 
— ^(ttj^, ttj^) for each s. Hence (5.2) implies 



Note that 

r 

Hence repeated applications of (5.3) yields 



Now 

(©(oii) + ap{i), ©(oij) - Qii) = {Qicxi), <d{ai) - + Q;p(i)) - (ap(j), Oii) 

= (©(Q;j),©(Q;p(i))) - {ap{i),ai) = 0. 

Furthermore, 

(p, ©(ttj) - Q;p(j)) + (oij, a,) = (p, ©(cvj) + ai). 

Set m = mi + . . . + m^. Expressions (5.1) and (5.4) imply that t^^Xi9{yi) is 
an element of 
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Using (1.2) we obtain ^t^J^'' ■ ■ ■tj^^'^XiXi^ ■ ■ • ^p(i)2^p(i) is an element 
of 

[(ad, xJ:"'-^) ... (ad rxt'W^i]t-p^i)^pi^) + MXU 

Thus 

□ 

The next result provides a criterion for determining when b'T^b is W 
invariant. In order to prove the result, we need to extend ?7 to a larger 
algebra. First, enlarge T to the group T generated by t\^^ for each 1 < 
i < n and each positive integer m. We can extend the isomorphism r to an 
isomorphism between J2i Qcti and T. Let U be the C algebra generated by 
U and T such that 

t{X)v, = q^^^%,T{X) 

for each r(A) e f and weight vector E U oi weight fx. 

Note that each finite-dimensional simple ?7-module L(\) easily becomes 
a [/-module as follows. Recall that L{\) can be written as a direct sum of 
weight spaces. Let v be a weight vector in L{X) of weight (3. Set 

t{ii) ■ V = q^l^'i^'^v 

for all t(/x) e f. We can similarly extend the action of U on L{X)* to U. It 
follows that elements of Rq[G] extend to functions on IJ. Given an algebra 

B in Be, let B be the C subalgebra of If generated by B and the group 
Te = {t(A) G T|6(A) = A}. Note that b'T^-b is invariant as a left ^' and 
right B module. 

Note that the subalgebra U° of U generated by elements of T is a C[P] 
module with the following action: 

Lemma 5.2 Fix j such that aj ^ ttq and let Sj denote the reflection in W 
corresponding to aj. Assume that for all X e J2iQ^i such that (A, ctj) = 
that 

(5.5) r(X)(r(kaj) - r(-kaj)) e B+IJ + UB'^ 

for some nonzero rational number k. Then T^b'T^b) is Si invariant. 
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Proof: Recall that is the root lattice associated to S. Suppose that 

13 G and {13, a j) ^ 0. Set r = {l3,Q.j)/{aj,aj) and A = kp/r — kotj. 

Then /3 = [r /k){\ -\- koij), A e Z^jQcii, and (A, (5^) = 0. Hence = 

(rA)(A-A:5,). 

By (5.5), T{k(3/r) - T{{ksj(3)/r) e B+JJ + JJB'^. Let X be an element of 
b''Hb and set T(X) = Y.-^ b^z^ . Note that X{a) = T{X) ■ (a) for all a e T 
and X{b) = for all b e B+U + UB'_^. It follows that 



E&T^" • {r{kf3/r) - r{{ksj(3)/r)) = 0. 
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Hence 



This forces 



(5.6) E ^'7= E 

{7| (7,fe/3/r-)=s} {7| (7,fcs,/3)/r-)=s} 

for each integer s. We can rewrite (5.6) as 

E ^= E ^ 

{7|(7,/3)=m} {7|(7,s,/3))=m} 

for each integer m. Thus we may conclude that 

(5.7) bi^^^'^^ = E b^z^^''^^^ = E b^^^''^^^^ 

7 7 7 

for all j3 such that /5 G Q(S) and (/5,aj) 7^ 0. Now suppose that 13 G Q(S) 
and (/3,(5j) = 0. Then Sjj3 = j3 and so (5.7) also holds in this case. Since 
Yj-yb^^z'^ is in C[2E], it follows that Y'^b^z'^ is Sj invariant. □ 

Given B in Eg, we show how to choose another algebra B' in Bq such 
that B'T^B is W invariant. For each c G D(C), define the Hopf algebra 
automorphism Xc in H of C/ as follows. For all i such that G tt — TTe, set 

Xo{Xi) = g-V2(p,e(aO-ai)c-l^. 

and 

Given a and b in D(C) and integers m,r, set a'^b'' equal to the n-tuple 
in D(C) with entries a^b^. 
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Theorem 5.3 Let B = i?6»,s,d be in Bq. If B' = Xc{Be,s',c'^d) for some c e 
D(C) and s' e S(C), then T(b'7^b) is W invariant. 

Proof: Recall the polynomial ring C[C,?7], its algebraic closure /C, and the 
elements s{() G S(/C) and d{ri) G D(/C) defined in Section 3. Given c G D(C), 
note that the C Hopf algebra automorphism Xc of t/ extends to a /C Hopf 
algebra automorphism of Uk. which we also refer to as Xc- Choose c G D(C) 
and s' G S(C). Set B = -Be,s(c),d(r?) and = Xc(-Be,s',c2d(r?))- By Lemma 
4.1 and the proof of Theorem 3.4, it is enough to show that T{b''Hb) is W 
invariant. 

Recall the definition of tt* from Section 2. Fix j such that aj G tt*. Let A 
be an element in J2i Qc^i such that (A, aj) — 0. Since A = A, it follows that 
0(A) = —A and thus (A, 0{o£j)) — 0. Thus t(A) commutes with both yj and 

Assume first that S is empty. Note that 

Bk = Vktk + d{rik)9{yk)tk 

is in B for k = j and /c = p{j). Recall (see proof of Theorem 3.1) that 
Q{aj) — aj = 0(Q!p(j)) — Q!p(j). Since j < p{j), both Cp(j) and d{rjp(j)) are equal 

to 1. Hence it follows from the definition of Xc and (2.1) that Xc{0{yj)) = 
^-i/2{p{e{aj)-ai)Q(^y.y Moreover, 

B'j = {c,yjt, + q-^'^^''^'^^^-'^^^c]d{n,)~9{y,)t,) 

and 

are elements of B' . 

By Lemma 5.1, we have 

Bktk^Xk = {yktk + d{r]k)9{yk)tk)tk^Xk 
(5.8) + i^^x.^fetfe + g-(^'®("'=)-"'=)ci(%)t;('fe)X,(fe)^~(y^(fe))tfe 

+ MXU + UMX 
for /c = J and /c = p{j)- 
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Consider first the case when j = p{j). In particular, aj ^ T> and thus 
Cj = d{r]j) = 1. It follows that 

Furthermore, by (5.8), 



BjtJ^xj e l^' + t-^XjB'^ + MXU + UMX- 

[Qj ~ Qj 



Since t(A) commutes with yj and 0{yj), we obtain 

Note that {tJ^^^T{e{aj))-^/^ -1) e B+ since tJ^^\{Q{aj))-^/^ e Te- There- 
fore 



r(A)(if r(e(«,))-V^ - t7^/V(e(a,))V2) 
(5.9) = r(A)((t, - tTi) + (t7VV(e(«,))-V^ - l)(t, + tTV2^(e(a,)^/^)) 

Thus by Lemma 5.2, s'Tis is sj invariant. 

Now consider the case when j < p{j) . Note that tkt~Q^-^ — 1 and t^^tpi^k) — 1 
are both elements of (AlTe)+ for each 1 < k < n. Hence {tp^j) — t~^j))t~^j)tj — 
{tj — tj^) + {MTe)+. Set a = cj^d{r]j)^^ and note that a + 1 is nonzero since 
d{r)j) is an indeterminate. Using (5.8), a straightforward computation yields 

aBjtJ^Xj + Bp(j-jt-^.^Xp(j)t-^j^tj + (a + 1) , ^ _ 

Qj ) 

e c-'at-'x^B'. + t,(;):XpO)S;(,-)*;o-)^^- + (-^^6):^/ + C/(At7e)+. 

In particular, (5.9) holds in this well and the image of b'T^b is Sa 

invariant when j is strictly less than p{j). 

Now assume that ©(ccj) = — ccj and ccj e <S. Then S+ contains 

= + Qi'^Xi + s(Ci)(ti - 1) 
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and B'_^ contains 
Furthermore 

Note that (s(Ci) — Qj^^^'i) is nonzero since s(Ci) is an indeterminate while 
s'i e C. It follows that T{\){ty^ -ti^^^) e B+U + UB'^. Another application 
of Lemma 5.2 yields that the image of b''Hb under T is Sj invariant in this 
case. 

We have shown that the image of b''Hb under T is Sj invariant for all 
reflections Sj in the set G tt*}. Note that the set G vr*} is equal 

to the set of simple roots of S. The theorem now follows from the fact W is 
generated by the reflections in {sj\aj e tt*}. □ 

For each A e Pq, set 
It is well known that the set 

{mA|A e P+} 

forms a basis for C[2S]^. Now consider a subset {<^a|A G Pq} of C[2E] which 
satisfies the following conditions. For each A G Pq 

(5.10) ipx^mx + T,^c<,x ax,i^rnf, for some 0^,;^ G C. 

(5.11) ^aGC[2E]^ 

Then the set {<^a|A G Pq} forms a basis for C[2S]^. 

Suppose that B, B' G Be are chosen as in Theorem 5.3. The next result 
shows that the image of the zonal spherical functions associated to the pair 
B,B' in C[2E] satisfies (5.10) and (5.11). 

Corollary 5.4 Let B = B0^s,d be in Be and suppose that B' = Xc{,Bq^s' ,c'^d)) 
for some c G D and s' G D. Then the set {fB,B'\'^ ^ -^e) satisfies condi- 
tion (5.10) and (5.11). Moreover, T defines an isomorphism of b''Hb onto 
C[2E]^. 
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Proof: By Theorem 4.2, gi is an element of C[2S] for each A G Pq. 
On the other hand, Theorem 5.3 imphes that each ^p)^ is W invariant and 
hence is an element of C[2E]^. It follows that the set {(/^b^b/] A e Pq } satisfies 
condition (5.11). 

Fix A G Pq . Since v^^.b' C[2E]'^, we can write ^^ ^i as a linear 
combination of the m^, 7 G Pq : 

By Lemma 4.1, we can also write 

(5.12) 99^,5, = + E 

for some choice of scalars C/3 where /? runs over weights of L[X) contained in 
P(2S) — {A}. Hence, if 7^ 0, then 7 is a weight of L(A) contained in Pq. 
Thus Vjy^O imphes that 7 = A or 7 <r A. Since appears with coefficient 
1 in (5.12), it follows that rx = 1. Therefore, satisfies condition (5.10). 

The last assertion now follows from the discussion preceding the corollary 
and Theorem 4.2. □ 



6 Zonal Spherical Families 

We say that a function A — > <^a from Pq to C[2E] is a zonal spherical family 
associated to Be if there exists B and B' in Be such that cpx = <^s,s' for 
all A G Pq. For may practical purposes, we may think of a zonal spherical 
family as a set {(/'aI'^ G Pe} indexed by Pq. Let J-'g denote the set of zonal 
spherical families associated to Be. The group H x H acts on Be x Be in the 
obvious way: 

{Xi,X2)-{B,B') = {xi{B),X2iB')). 

In this section, we study the relationship between orbits of Be x Be under 
the action of H x H and orbits of J^e under a subgroup of Hom((5(7r), C^). 
This allows us to attach a unique W invariant zonal spherical family (up to 

possible sign) to each orbit of Be x Be- 

Recall the definition of the lattice N generated by 2S and the set {aj|a;j G 
S} given in (3.6). Consider a Hopf algebra automorphism x oiU in H. Note 
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that X induces a group homomorphism x from Q{'k) to the nonzero elements 
of C such that 

X{u) = x(wt u)u 

for each weight vector u E U. Since A'^ is a sublattice of Q{tt), x restricts to 
an element of Hom(A'", C^). 

Lemma 6.1 The map ^' : H x H — >• Hom(A^, C^) defined by (xi,X2) 
Xi^X2 is a surjective homomorphism. 

Proof: Note first that H is an abclian group. Hence the map {X17X2) 
Xi^X2 defines a group homomorphism of H x H onto H. Thus it is sufficient 
to show that the map x — > x defines a surjective homomorphism from H 

onto Hom(iV,C''). 

Note that N is just the free abelian group with generating set (tt — tto — 
S) U {ai/2\ai G S}. Set = G N}. Let ^ be an element of 

Hom(iV, C^). Taking squareroots allows us to extend to a an element of 
Hom(|A^,C>^). Set Q^tt)® equal to the set {l(3\(3 G Q{7r) and Q{/3) = /3}. 
We may further extend ip to an element ip of Hom(|A'" + (5(|7r)®,C^) by 
insisting that ^'(t) = for all 7 G Q(|7r)®. Since Q(7r) C \N + (5(|7r)®, 
it follows that ijj restricts to an element of Hom((5(7r),C^) which is zero on 
Q(7r)®. In particular, ip = x where x G H is chosen so that xl"^) — '4^{^^u)u 
for all weight vectors -u G f/. □ 

Note that the action of H x H on i^e x iSe induces an action of H x H 
on Tq. In particular, given B and B' in Be and (xi;X2) G H x H, set 

(Xl,X2) • ^B,B' = ^xi{B),X2[B') 

for all A G 

The group Hom(P(E),C'') acts on C[2E] via g ■ ^ g{P)z^ for all g G 
Hom(P(E),C^) and f3 G P(2S). This restricts to an action of the group 
Hom(iV, C^) on the group ring C[N] generated by , f3 G A^. 

Let {v^aI^ G Pq} be a zonal spherical family in JF^. By Theorem 3.6 and 
its proof, (px is the unique element of the vector space C(p\ such that 

(6.1) (pxez^+ J2 '^^^ and ipx G z^C[N] 

l3<rX 

for each A G P@ . 
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Lemma 6.2 For all B, B' e Be, {xi, X2) e H x H, and A e 

Proof: Let (xi,X2) G H x H. Note that there exists a positive integer m 
such that i-*(7r) is a subset of J2i ^{oLi/m). Hence for each i, the map Xi can 
be extended to a (not necessarily unique) homomorphism, which we also call 
Xi, from T^ioij/m) to . 

Consider A e P^{ti) and fix i G {1,2}. The map Xi induces linear 
transformations on L(A) and L{\)* , both denoted by Xi-, such that = 
Xj(wt v)v for each weight vector v in L(A) or L{\)*. Suppose that v e L(A) 
and I)' e -^(A)* are weight vectors. Note that 

(6.2) Xi{u)xi{v) = Xi{uv) and Xi\v')xi{u) = xi^{v'u) 
for all ti e t/. It follows that 

^±7\v'),v = Xi(wt ^;')(4,J and = Xi(wt ^;)(4,J. 

Thus 

(6.3) T(4-,(^,)_,^(^)) = xr'(wt^')X2(wt ^)T(c,^,J = (xr^X2) • (T(c;;, J). 

Let ^ denote a B' invariant vector of L(A) and let ^* denote a B invari- 
ant vector of -^(A)*. Assertion (6.2) ensures that X2(0 is a nonzero X2{B') 
invariant element of L[X) and Xi^{(,*) is a Xi(-S) invariant vector of L{\)* . 
Thus c^i(s),x2(B') = ""i'^C?*) ^ nonzero scalar. It follows from as- 

sertion (6.3) that Vxi{B),x2{B') ~ iXi'^X2) ■ {Vb,b') ^ nonzero scalar. 

Now Xi^X2{^B B') is just a nonzero scalar multiple of -2'^(xr"'^X2) ■ (-^"'^V^b bO- 
The lemma follows from the fact that -2'*'(xr^X2) • (-s~'^9's,s') satisfies the 
conditions of (6.1). □ 

It follows from Lemma 6.2, that the kernel of the action of H x H on is 
contained in Ker(^') where ^ is the homomorphism of Lemma 6.1. Thus the 
action of H x H on induces an action of Hom(A'^, C^) on J^q. Furthermore, 
this action is given by 

g-(px = z^g{z~^(px) 

for all X e P^, g e Hom(A^,C^), and {v^aIA G P^} G J^q. The following 
result is an immediate consequence of Lemma 6.1 and Lemma 6.2. 
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Theorem 6.3 The map 

(S,S')^{<B'|AeP^} 

from Bg X Bo to J-'o is a H x H. equivariant map which induces a surjection 
from the set of orbits of Be x Be under the action 0/ H x H onto the set of 
orbits of zonal spherical families under the action o/Hom(A^, C^). 

A family {^^aI-^ ^ -Pel ^ -^9 called W invariant provided each ipx G 
C[2E]^. We next determine which elements in Hom(A^, C^) preserve W in- 
variance. Recall that Q{2T,) is the root lattice associated to 2E. 

Lemma 6.4 Let g G Hom(iV, C^) and let {ipx\X G Pq} be a W invariant 
zonal spherical family. Then g ■ (fx isW invariant for all X e P@ if and only 
if g acts trivially on (5(2E). 

Proof: Suppose that S is of type BCr- Then the weight lattice of S is equal 
to the weight lattice of the subroot system Ei in E of type Br- In particular, 
if the lemma holds when E is of type Br, then it follows for E of type BCr- 
Hence wc can reduce to the case where E is a reduced root system. 

Consider g G Hom(A^, C^). Note that is a free Z module. Further- 
more, there exists a positive integer m such that P(E) is a sublattice of 
{P/m\P G N}. Thus we may extend g to a, (not necessarily unique) ele- 
ment of Hom(P(E),C^). Hence, it is sufficient to prove the assertions of the 
theorem with Hom(iV, C^) replaced by Hom(P(E), C^). 

Recall that {v'aIA G P@ } is a basis for C[2S]^. Thus, the first asssertion 
of the lemma is equivalent to g restricts to an action on C[2E]'^ if and only 
if g acts trivially on (5(2E). 

Assume first that g sends C[2E]^ to itself. Given X — Yj^cipz^, set 
Supp(X) = {z^lap 7^ 0}. Let S denote the half sum of the positive restricted 
roots in E. By [H, Corollary 10.2], 2{6,ai) = and Si{6) = S — oni 

for each G E. It follows that 26 G P(2E). By say [H, Theorem 10.3(e)], 
w5 — 5 ii and only ii w — 1 and thus w5 — w'5 if and only ii w — w'. Thus 
for each i such that o;, G E, we can write 

(6.4) = ^ ^25-2a. ^ j2 apz^ 

/3^2<5,/37^25-2aj 

for some scalars ap. 
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By (6.4), we have 
(6.5) g-ms^g{25)z' + g{25-2ai)z'-^'+ ^ g{P)apz^. 

Note that Supp(g' • ms) — Supp(m5) and g • ms E C[2E]^. Recall that the 
171/3, for P £ -Pe ' fo™i a basis for C[2E]^. Furthermore, by [H, Section 13.2, 
Lemma A], the sets Supp(m^) are pairwise disjoint. Hence (6.5) implies 
that g ■ ms is equal to g{26)ms- It further follows from (6.5) that g{26) = 
g{26 — 2ai) = g{26)g{2ai)~^. Therefore g{26ii) = 1 for all i. Hence g acts 
trivially on Q{2T). 

Now assume that g G Hom(P(E),C^) such that g{2ai) = 1 for all aj G 
TT — TTe. Note that the set 2S is a root system with respect to the Cartan 
inner product (of the same type as E) with set of positive simple roots equal 
to {2Q;i|Q;i G TT — TTe}. Since we are assuming that E is reduced, we can find 
a semisimple Lie algebra L with root system equal to 2E. It is well known 
that the characters of the finite dimensional simple modules associated to L 
are parametrized by the dominant integral weights Pq and form a basis for 
C[2E]^. Let Xx be the character associated to the finite dimensional simple 
L module ^(A) of highest weight A for A G Pq . Now the root vectors of L 
have weight /3, for (3 G 2E. Set A + Q(2E) = {A + G Q(2E)}. It follows 
that the weights of V{X) are contained in the set A + Q(2S). In particular, 
Supp(Xa) C A + (5(2E). Since g acts as the identity on (5(2S), it follows that 
g . z^-f^ = g{\)z^-f^ for all /3 G Q(2S). Therefore g-X^is equal to g{\)Xx 
for each A G P^. Thus g sends C[2E]^ to itself. □ 

Set Qe equal to the subgroup of Hom(iV, C^) which acts trivially on 
Q(2E). In particular, is isomorphic to Hom(iV/g(2S), C^). Note that 
N/Q{2Ti) is isomorphic to the direct product of |»S| copies of Z2. Thus 
Qe ^ Hom(7V/Q(2E), {1, -1}) ^ Zf. 

Recall that {Pg^s.dls G S(C) and d G D(C)} is a complete set of distinct 
representatives for the orbits of Be under the action of H. Set ^(Pe.s.di Bo s^a') 
equal to the orbit containing {Bq ^^A) B0^s',a') under the action of H x H. 
Note that {C»(Pe,s,d, 5e,s',d)|s, s' G S(C) and d, d' G D(C)} is a complete list 
of the distinct orbits of Bq x Bq under this action. Given s, s' G S(C) and 
d,d' G D(C), set 

^s,s',AA' ~ ^B,B' 
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where B = Bg sd, B' = Xc{Bqs'A')-i and c e D(C) is chosen to satisfy 
c2 = d-M'. 

Theorem 6.5 The set {^p\\\ G F@ } is aW invariant zonal spherical family 
associated to an element of 0{Bg s d, Bq^s',a') if and only if there exists g & Qe 
such that 

(6-6) Vx^g- V's.s'Ad' 

for all X G Pq. In particular, ifS is empty, then g in (6.6) is just the identity 
map. 

Proof: Let B = Bq ^^a and B' = Xc{Bg^s',d'), where c is the element of D 
which satisfies = d~^d' chosen above. By Corollary 5.4, {v^s,s',d,d'l'^ ^ 
Pq} is a a 1^ invariant zonal spherical family associated to {B,B'). Let 
{</?a|A G Px} be another zonal spherical family associated to an element in 
Oi. By Theorem 6.3, there exists g G Hom(A^, C^) such that 

{^A|AGP+}=^7-{<,,d,d'|AGP+}. 

The result now follows from Lemma 6.4. □ 

Consider the case when is an irreducible pair. There are three possi- 
bilities: 

(i) S and T> are both empty. 

(ii) S is empty and T> has exactly one element. 

(iii) S has exactly one element and V is empty. 

Note that when <S is empty, Qe is the trivial group. In the first case. Be 
is a single orbit under the action of H. Thus Theorem 6.5 implies that we 
can associate a unique W invariant zonal spherical family to Be when both 
S and V are empty. Suppose V = {ctj} as in case (ii). Then the set D(C) 
is a set of n-tuples which vary only in the entry di. Thus, there is a unique 
two-parameter set of W invariant zonal spherical families associated to Be- 
If S and "D satisfy condition (iii) then Qe is a cyclic group of order 2. In this 
case, we can associate exactly two two-parameter sets of W invariant zonal 
spherical families to Be- 
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It should be noted that the existence of "two-parameter" famihes of W 
zonal spherical functions associated to a quantum symmetric pair has ap- 
peared in the literature in a few special cases. Indeed, two-parameter fam- 
ilies of zonal sperical fuctions are studied in [Kl] when g = si 2 and g, 6 is 
of type AI and in [DK] when g, 9 is of type AIV. (Types AI and AIV are 
explained in the next section.) 

7 Irreducible Symmetric Pairs 

By [A, 2.5 and 5.1], the pair g, 9 is irreducible if and only if 

(7.1) is simple or 

(7.2) = 01 © 02 where both 0^ and 02 are simple. Here 0^ is generated by 
{ci, fi, hi\l < i < m} and 01 is generated by {ei+m, fi+m, ^i+m|l < i < 
m}. Moreover, 

^ ^i+mi fi ^ fi+mi hi ^ hi-\.xn 

defines an isomorphism from 0^ to 02, and 9 is defined by 

Assume for the moment that g and 9 are as described in (7.2). In this 
case, both T> and S are empty sets. The group To is generated by tit^^^, 
1 < i < m and the algebra Bo s^d is generated by Tq together with the 
elements Bi = ViU + t'l^Xi+rnU and Bi^^n = yi+mU+m + ti^XiU for 1 < i < m. 

Now consider the case when is simple. We use the classification in [A] 
(see also [He, Chapter X, Section F]) to give a complete hst of the subalgebras 
Be,s,d associated to irreducible pairs 0, 9 for simple. In each case, we describe 
TTo, S, V, the permutation p when p is not the identity, and Bi^a-i ^ vre. 
This information is enough to determine all the generators of -Bg.s.d since M. 
is just the quantized enveloping algebra associated to the root system tto 
considered as a subset of tt and Tq is generated by the sets {ti\ai G vre} and 
{tit~li)Wi i TTe}. 

We use below the numbering of the vertices of the Dynkin diagram given 
in [H, Section 11.4]. It should be noted that when is of type D^-, the roots 
an and ctn-i can be reordered with n and n — 1 interchanged. 
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Type AI g is of type An, ttq is the empty set, S and V are both empty, 

Bi = Uiti + ql'^Xi for each 1 <i <n. 

Type All q is of type An, where n = 2m + 1 is odd and n > 3, TTe = 
{Q;2j+i |0 < j < m}, S and V are both empty, = |/jtj+[(adr Xi_iXi^i)t~^Xi]ti 
for i — 2j, 1 < j < m. 

Type AIII Case 1: g is of type A„, r is an integer such that 2 < r < n/2 
TTe = {(Xjl r + l<j<n — r},S is empty, V — {ar}, p sends i to n — i + 1 
for each 1 < i < n, 

Bi = Viti + qr^Xp(i)t~^^ti for 1 < i < r - 1 and n-r + 2<i<n, 

Bj. — Uftr + (ir[(adr X^_|-i)(adr ^^^2) ■ ■ ■ (sd^ ^n— r-)^p(r)'^p(r-)]^r) 

and 

Bp[r) = yp{r)tp(r) + ^^[(ad^ a;„_j.)(adr ■ ■ ■ (ad^ Xr+i)t^. ^Xj]tp(^.f.y 

Case 2: g is of type An where n = 2m + 1, vre is empty, V is empty, S = 
{a^+i}, p sends i to n - i + 1 for 1 < i < n, Bi = y.iti + qi^^Xp^i^t:^^.^^ for 

l<i<m and m + 2 <i <n, and S^+i = ym+itm+i + gm+ia^m+i + Sm+iWi- 

Type AIV Same as type AIII, case 1, with r = 1. 

Type BI g is of type Bn, r is an integer such that 2 < r < n, ttq = {ai\r+l < 
i < n}, S and V are empty, B^ = Uiti + q^'^Xi for 1 < i < r — 1 and 

Type BII Same as type BI, Case 1, only r = 1. 

Type CI g is of type C„, TTe is empty, V is empty, S = -Bj = ViU+qi^^Xi 

for 1 < i < n - 1, and Bn = Vntn + qn'^Xn + SnUi- 

Type CII Case 1: g is of type C„, r is an even integer such that 1 < r < 
{n — 1), TTe = {Q;2j-i|l < j < t/2} U {aj\r + 1 < J < n}, S and V are both 
empty, 

for i = 2j, 1 < J < (r - 2)/2 and 

-Sr = l/r^r + [(ad^ 
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Case 2: q is of type C„ where n is even, ttb = {a27-i|l < j < ""-/S}, S and P 
are both empty, Bi = yiU + (ad^ Xi^iXiJ^i)tl^Xi for i = 2j, 1 < J < (n — 2)/2 
and -B„ = yntn + [(ad^. a;^2]^)t^j"'"a;„]t„. 

Type DI Case 1: q is of type Z^„, r is an integer such that 2 < r < n — 2, 
TTe = {ctilr + l < i < n}, 5 and V are both empty, 5j = yiti + for 
1 < i < r — 1, and 

Case 2: We assume n > 4 (the case when n = 3 is the same as type AI.) g is 
of type Dn, ttq is empty, S and V are both empty, p{i) — i ioi 1 < i < n — 2, 
p{n — 1) — n, and p{n) — n — 1 and Bi — yiti + t~^i)Xp(^i)ti for 1 < i < n. 

Case 3: q is of type D„, TTe is empty, S and X> are both empty, and Bi — 
ViU + Qi^Xi for 1 < i < n. 

Type DII This is the same as DI, Case 1, with r — 1. 

Type Dili Case 1: g is of type Dn where n is even, tto = {Q;2i-i|l < i < 
n/2}, V is empty, S = {an}, Bi = yiU + (ad,. Xi-iXi+i)ti'^Xi for i = 2j, 1 < 
j <{n- 2)/2, and Bn = y„tn + g^^x^ + Sntn- 

Case 2: g is of type Dn, n is odd, TTe = {a2i-i|l < < {n — l)/2}, 5 is empty, 
1^ = {an-i}, B, = yiU + (ad,, x,_iXi+i)tl^Xi for i = 2j, 1 < j < {n - 3)/2, 
pU) = j for 1 < j < n — 2, p(n) = n — 1, and p(n — 1) = p(n), = 

yn-itn-l + «in-l[(adr X„_2)t,7^a;„]t„ and Bn = yuK - [(ad,, Xn-2)tn-lXn-l\tn- 

Type El, EV, EVIII g is of type E6,E7, E8 respectively, tto is empty, S 
and "D are both empty, and Bi — yiti + q'i'^Xi, for all ai e tt. 

Type EII g is of type E6, vre is empty, both S and V are empty, p(l) = 
6,p(3) = 5,p(4) = 4,p(2) = 2,p(5) = 3, and p(6) = 1, and Bi = y^i^ + 
(lT^^P^)'tp{i)ti for 1 < i < 6. 

Type EIII g is of type E6, TTe = {0:3, q;4, as}, S is empty, I> = {<^i}, 
p(l) = 6,p(3) = 5,p(4) = 4,p(2) = 2,p(5) = 3,p(6) = 1, 

Bi = yiti + (ii[(ad,. X3)(ad,. a;4)(ad,. X5)tQ'^XQ]ti, 

Be = y^te + [(ad^ X5)(adr a;4)(adr X3)ti^Xi]tQ, 
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and 

B2 = 1/2^2 + [(ad,. X4XsX5X4)t2^X2]t2- 

Type EIV q is of type E6, ttq — {a^, a^, a^, a2}, S and V are both empty, 

Bi = yiti + [(adr X3X4X5X2X4X3)t^^Xi\ti 

and 

-Be = yeh + [(ad^ xr,X4X3X2X4X5)tg^XQ]te. 

Type EVI is of type E7, 7i@ = {ay, 0:5, 0:2}, both S and V are empty. 
Be = yaU + [(ad,. X7X5)tQ^X6]tQ, B4 = 7/4^4 + [(ad,. X2X5)t4^X4]t4, and B^ = 
yiU + qi'^Xi for i = 1, 3. 

Type EVII g is of type E7, Tre = {a2, ^3, 0:4, as}, I? is empty, S = {ay}, 
-Bi = yiti + [(adr X3X4X2X5a;4X3)i];^a;i]ii, 

Be = ?/6*6 + [(adr X5X4X2X3X4X5)tQ^XG]te, 
and i?7 = yyty + qj'^Xj + Syty. 

Type EIX q is of type E8, vre = {a2, as, a4, as}, P and 5 are both empty, 

Bi = yiti + [{adr X3X4X2X5X4Xs)t];^Xi]ti, 

Be = yeU + [(adr X5a:4a;2X3X4X5)i6 ^a^ej^e, 
and Bi = y^ti + q^'^Xi for i = 7, 8. 

Type FI g is of type F4, vre is empty, S and V are empty, Bi = yiU + qj^^Xi 
for i = 1,2,3,4. 

Type FII g is of type F4, ttq = {oi, 0^2, 0:3}, both V and S are empty, and 

B4 = ^4^4 + [(ad,. X3X2XiX3X2X3)t4^X4]t4 

Type G £1 is of type G2, vre is empty, S and T> are both empty, and Bi — 

yiU + qT'^Xi for i = 1, 2. 

Set Bi — yiti for ai e Tre- Recall that M.'^ — M. H U'^. Given ctj ^ tto, 
let Zi be the element in M.^ such that 

e{yi) = {adr Zi)tp^-^Xp^). 
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Theorem 7.4 of [L4] (see also [L4, Variations 1 and 2]) gives most of the 
relations satisfied by the generators of -B6»,s,d and a procedure for computing 
the remaining ones. (This proof of this result is stated in [L4] for the B^ s d 
where s G S(C[g](-^_^^) and d G 'D{C[q]^^_^^), but the arguments work for all 
Be,s,d, for s G S(C) and d G D(C).) Using the above complete list of the left 
coidcal subalgcbras Bg s,d, we make these relations precise. In order to make 
the notation easier in the following theorem, we define a modified version p' 
of the permutation p such that p' — p on the set {i\ai ^ ttq} and p'{j) — 
for all j in the set G TTe}- 

Theorem 7.1 The left coideal subalgebra Bg s d ofU is the algebra generated 
over M'^Tq by the elements B^, 1 <i <n subject to the following relations: 

(i) T{\)BiT{-\) = q-^^^'^^^Bi for all r(A) eT^ andl<i< n. 

(a) tJ^XjBi — BitJ^Xj = 5ij{tj — tj^)/{qj — qj^) for all aj G ttq and 1 < 
i <n. 

(Hi) If ttij — 0, then 

BiBj — BjBi — 

(iv) If ttij = —1, then 

B^B^ - {q, + q-')B,B,B, + B^Bf = 

<^i,P'»C^[(adr Zi)ti^]t'^iBj - Si,p>(j){qi + q^^) Bi{diq^HjHi + d^q^t^Hj). 

(v) If ttij = —2, then 

BfB, + {qj + 1 + qf ){-BjB,B, + B,B,BI) - B,B^ = 
Si,p'(i)q;\qi + q;'?{BiBj - B^B,). 

(vi) If ttij — —3, then 

BfB, + B.Bf - (q! + q, + q-' + qr')BfB,B, + B,B,Bf) 
+ {qf + q^ + 2 + qr^ + qr')I^B,I^ 

- {qf + 2gr' + 4?-' + '^q^ + ql){B^B, + B,Bl) 

- {qf + 4q^ + 5 + 5qi' + 4^^ + qr^)B,B,B, - {q^ + 1 + q-')Bj. 
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The relations in Theorem 7.1 can be checked directly in a case-by-case 
fashion using the list of algebras -B^.s.d above. Indeed, this is the approach 
used in [LI] which handles most of the cases when ©(ccj) = —0(p(i) for 1 < 
i < n. Similar computations can be made in the other cases. However, 
in general, these computations are rather brutal. In this paper, we use the 
alternate, quicker method derived from the proof of [L2, Theorem 7.4]. First, 
we review some notation from [L4] and prove a small technical lemma. 

Let G'^ be the subalgebra of U generated by Xit~^, 1 < i < n. As in [L4, 
(4.2)]. we have the following two direct sum decompositions 

U = EUZ^G;U" and ^° = J2Ct{X). 

\,IJ, A 

Set tta,^ equal to the projection of U onto UZxG^U" using the above decom- 
position of U and set equal to the projection of U° onto Cr(7) using the 
decomposition of U°. 

Let Z be an clement of M.^. The form of the right adjoint action (1.2) 
implies that [(ad,. Z)t~'^^^] is an element of M-t^^^y Since t~^i)ti is in To, it 
follows that [(adr Z)t~^^-^tp(i-)ti is an element of i^e,s,d- 

Lemma 7.2 Let Z & Ai^ he a vector of weight 7. For all aj e ttq and each 
At e Q+{n), 

naj,i^ o A{{adr Z)tJ^Xj) = 5^^^t^^Xj ® [(ad^ Z)t'j'^]tj. 

Proof: We show how the argument works when 7 is a simple root. The 

general case follows similarly using induction on the weight of Z. Thus, 
assume that Z = xi for some ctj e tto. Recall ([Jo, 3.2.9]) that 

A{xk) ^ Xk®l + tk® Xk 

for each 1 < k < n. Hence (1.2) implies that 

Zi((adr Xi){t'j'^Xj)) 
(7.1) = -{^itT^ ® + 1 Xiti^){tJ^Xj + 1 (g) tJ^Xj) 
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Inspection of (7.1) shows that vr^^,^ o Z\((adr Xi)tj ^Xj) = unless n = ctj. 
Thus, a straightforward computation using (7.1) yields 

7r„.,a. o Z\((ad^ Xi)tJ^Xj) = tfxj ® {-Xit-Hf + q-^''''''^\Hfxi) 

= tJ^Xj (g) [(adr a;j)ij^]ij.n 

Proof of Theorem 7.1: Relations (i) and (ii) are just (i) and (ii) of [L4, 
Theorem 7.4]. We check relations (iii) through (vi). 
Given Bi and Bj, set 



Y^Y{Bi,B,)^ ^(-1) 



m=0 



1 - aij 
m 



Set \ = il — aij)ai + aj. By the proof of [L4, Theorem 7.4] (see also [L4, 
Variations 1 and 2] ), 

(7.2) 0^{{P^o7ro,o)<»Id)A{Y). 
Let ¥' e B such that 

r(A) (g) r' = ((Pa o 7ro,o) ^ Id){A{Y) - t(A) F). 
Then by (7.2), Y + Y' — 0. Hence, we obtain relations (iii)-(vi) by evaluating 

{{Px0 7ro,o) ^Id){A{Y)-T{X)®Y) 

to find Y'. 

By the Lemma 7.1 and [L4, (6.5) and (7.15)], we have 

A{Bi) = A{yiti + di[{adr Zi)t~^^Xp(i)]ti + SiU) 

(7.3) ^ y^^' (8) 1 + ® -Bj + tp^i)Xp(i)ti (g) di[{sidr Zi)tp^^]tp(i)ti 

Note that the Sj are hidden in the above form of the coproduct. This fact 
is the key reason that the relations are independent of the choice of s,. (See 
also [L2, Lemma 5.7].) 

The case when is in ttq follows directly from [L4, 7.20]. Indeed, check- 
ing the possibilities, a^j must equal 0,-1, or —2 in this case. Furthermore 
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^p'{i)J ~ ^i,p'{j) ~ ^i,p'(i) ~ ^"^^ thus (iii)-(v) look just like the quantum 
Serre relations between yiti and yjtj. This is exactly what is explained in 
the paragraph concerning [L4, 7.20]. Thus for the remainder of the proof, we 
assume that ai ^ ttq. 

Suppose that aj ^ tiq. By (i), it follows Bj commutes with each tiX~^, 
ai G TiQ. Hence Bj commutes with every clement of fl G^. In particular, 
[(adr ^i)^p(i)]^p(j); which is an element of AiCiG'^ for each ctj ^ ttb, commutes 
with Bj for all aj ^ ttq. 

Case 1: aij — 0. In this case, Y — BiBj — BjBi and X — ai + aj. Note that 
this expression is symmetric in i and j up to a negative sign. In particular, 
we may assume that aj is also not in ttq. Expression (7.3) implies that and 

{{Px o 7ro,o) ® Id){A{B,B,) - r(A) ® B,B,) 

Since tp^)Xp(^i^tiyjtj = Sp(i)j{qi - q~'^)''Hi{tj - tj'^), it follows that 

(^A o T^o,o){t;i)Xp^i)tiyjtj) = 6p(i),j{qi - qi^)-^. 

Thus 

{{Px o 7ro,o) ® Id){A{B,Bj) - r(A) ® B.B^) 
= ^p{i),Mi - (li^y^titj ® (c?i[(ad^ Zi)t~^-^]tp(i)ti. 
The same argument shows that 

((^'a o 7ro,o) Id){A{BjBi) - r(A) BjB^) 
= ^vij^Mi - QT^y^titj ® {djii^dr Zj)t^^.^]tp^)tj. 

Relation (iii) follows from the fact that = 5p(i)j = ^p'{i),j- 
Case 2: = — 1. In this case 

Y = B^B, - (g, + qi^)BiBjBi + BjB}. 

Recall that if p{i) = i, then di = 1. Furthermore, checking the possibilities, 
we have i = p{j) if and only if Q{ai) = — Q;p(i) and Q{o.j) = — Q;p(j). Thus 

{Px o 7ro,o) Id){A{Y) - r(A) = (Pa o 7ro,o)((^i,p«(G'i) + Si,p^j){G2)) 
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where 

Gi = t'^XiUyititj (8) [{adr Zi)t:[^]titiBj 
- {Qi + (k^)tT^Xititjyiti ® [(adr Zi)t~%tiBj 
+ tji'^XiUyiti (8) Bj[{eidr Zi)tj'^\titi 

and 

G2 = {tJ^XjUtiyjtj (g) ditJ^tiBi + titJ^XjUyjtj (g) Biditj'^U 
- {Qi + Qi^)(tj^Xjtiyjtjti ® ditjHiBi + titl^x.itjy.iti ® djBit:[Hj) 
+ {t^^'xitjUyiti ® djt^^tjBi + tl^Xitjyititi ® djt^^tjBi). 

Suppose that Pi,P2:P3 are elements of Q{7r) such that Pi + P2 + — '^oii. 
Recall that A = 2ai + aj. Note that 

(Pa o 7ro,o)(r(/3i)x,r(A)y,r(/33) = {q^ - 'h Y'cr^''^''^^h. 

Hence 

(P, o 7ro,o)(Gi) = (?i - qT')[t1tMT'' - (Qi + q-')qT' + C') ® [(ad. Zi)tf]tlB^ 
= -C'^'i.- « [(ad. Zi)tf\tlB^. 

A similar computation shows that 

(Pa o 7ro,o)(G'2) = (g, - qiY%{qUf + qi ' (^^ + qi^qf) ® diB^tjHi 

+ t-tji-iqi + qrY + qi^(i + qd) ® djB,t-H,] 

= t^tj ^ [q^\qi + qi^iBitjHi + qfiQi + qr^)djBitrHj]. 

Case 3: aij = —2. Checking the possibilities, we see that ©(c^i) = —ai and 
Q{oij) = —ctj- Furthermore, S is equal to {ctj}. Thus Bi = yiti + qi^'^Xi 
and Bj = yjtj + qj'^Xj + Sjtj. It follows that ^(Pj) = Pj (8) 1 + (8) Pj and 
Z\(Pj) = {yjtj + qfxj) ®l + tj® Bj. So 

{PxOTx^^^)®Id){A{Y)-T{\)®Y) 

= {Px o 7ro,o) ® /rf)(Pi 8) PjPj + P2 ® PjPi) 

where 

Pi = Pj tjtj + BitiBitj + tiBiBitj 

+ {qi + 1 + qf)[-tiBitjBi - BiUtjBi + t,t,P,P,] 
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and 

H2 = {q- + 1 + qf){- BiB.it jU + BitjB.U + B.tjUBi) 

Let Ti = r(/5i),r2 = t(/52) and = r^P^) where Pi, P2, and P^ are three 
elements in Q{7i) such that Pi + P2 + Ps = cti + aj. Relation (iv) now follows 
from the fact that 

{Px o 7io,o)riBir2Bir3 = {P^ o 7ro,o)(rigr'a;.r2i/Ar3) = g-^'^^'^'H^i - Qi^^tltj- 

Case 4: a^j = —3. Again, checking the possibilities, we must have that 
@{ai) = —ai, Q{aj) = —aj, and S is empty. Thus B^ = Uktk + Ok'^'^k and 
Z\(i?fc) = ® 1 + tfc ® -Bfc for k = 1,2. The argument follows in a similar, 
although lengthier, manner to Case 3. □ 
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